We study contact terms of conserved currents and the energy-momentum tensor in threedimensional quantum field theory. They are associated with Chern-Simons terms for background fields. While the integer parts of these contact terms are ambiguous, their fractional parts are meaningful physical observables. In N = 2 supersymmetric theories with a U (1) R symmetry some of these observables lead to an anomaly. Moreover, they can be computed exactly using localization, leading to new tests of dualities.
Introduction
In quantum field theory, correlation functions of local operators may contain δ-function singularities at coincident points. Such contributions are referred to as contact terms. Typically, they are not universal. They depend on how the operators and coupling constants of the theory are defined at short distances, i.e. they depend on the regularization scheme. This is intuitively obvious, since contact terms probe the theory at very short distances, near the UV cutoff Λ. If Λ is large but finite, correlation functions have features at distances of order Λ −1 . In the limit Λ → ∞ some of these features can collapse into δ-function contact terms.
In this paper, we will discuss contact terms in two-point functions of conserved currents in three-dimensional quantum field theory. As we will see, they do not suffer from the scheme dependence of conventional contact terms, and hence they lead to interesting observables.
It is convenient to promote all coupling constants to classical background fields and specify a combined Lagrangian for the dynamical fields and the classical backgrounds.
As an example, consider a scalar operator O(x), which couples to a classical background A change in the short-distance physics corresponds to modifying the Lagrangian (1.1)
by local counterterms in the dynamical and the background fields. For instance, we can change the constants c, c ′ by modifying the theory near the UV cutoff, and hence the corresponding contact terms are scheme dependent. Equivalently, a scheme change corresponds to a field redefinition of the coupling λ(x). This does not affect correlation functions at separated points, but it shifts the contact terms [1] . A related statement concerns redundant operators, i.e. operators that vanish by the equations of motion, which have vanishing correlation functions at separated points but may give rise to non-trivial contact terms.
Nevertheless, contact terms are meaningful in several circumstances. For example, this is the case for contact terms associated with irrelevant operators, such as the magnetic moment operator. Dimensionless contact terms are also meaningful whenever some physical principle, such as a symmetry, restricts the allowed local counterterms. A wellknown example is the seagull term in scalar electrodynamics, which is fixed by gauge invariance. Another example is the trace anomaly of the energy-momentum tensor T µν in two-dimensional conformal field theories. Conformal invariance implies that T µ µ is a redundant operator. However, imposing the conservation law ∂ µ T µν = 0 implies that T µ µ has non-trivial contact terms. These contact terms are determined by the correlation functions of T µν at separated points, and hence they are unambiguous and meaningful. This is typical of local anomalies [2] [3] [4] .
If we couple T µν to a background metric g µν , the requirement that T µν be conserved corresponds to diffeomorphism invariance, which restricts the set of allowed counterterms.
In two dimensions, the contact terms of T 1 This result cannot be changed by the addition of diffeomorphism-invariant local counterterms.
The contact terms discussed above are either completely arbitrary or completely meaningful. In this paper we will discuss a third kind of contact term. Its integer part is scheme dependent and can be changed by adding local counterterms. However, its fractional part is an intrinsic physical observable.
Consider a three-dimensional quantum field theory with a global U (1) symmetry and its associated current j µ . We will assume that the symmetry group is compact, i.e. only integer charges are allowed. The two-point function of j µ can include a contact term,
Here κ is a real constant. Note that this term is consistent with current conservation. We can couple j µ to a background gauge field a µ . The contact term in ( We might attempt to shift κ → κ + δκ by adding a Chern-Simons counterterm to the UV Lagrangian,
However, this term is not gauge invariant, and hence it is not a standard local counterterm.
We will now argue that (1.5) is only a valid counterterm for certain quantized values of δκ. Since counterterms summarize local physics near the cutoff scale, they are insensitive to global issues. Their contribution to the partition function (1.2) must be a well-defined, smooth functional for arbitrary configurations of the background fields and on arbitrary curved three-manifolds M 3 . Since we are interested in theories with fermions, we require M 3 to be a spin manifold. Therefore (1.5) is an admissible counterterm if its integral is a well-defined, smooth functional up to integer multiples of 2πi. This restricts δκ to be an integer.
Usually, the quantization of δκ is said to follow from gauge invariance, but this is slightly imprecise. If the U (1) bundle corresponding to a µ is topologically trivial, then a µ is a good one-form. Since (1.5) shifts by a total derivative under small gauge transformations, its integral is well defined. This is no longer the case for non-trivial bundles. In order to make sense of the integral, we extend a µ to a connection on a suitable U (1) bundle over a spin four-manifold M 4 with boundary M 3 , and we define 6) where F µν = ∂ µ a ν − ∂ ν a µ is the field strength. The right-hand side is a well-defined, smooth functional of a µ , but it depends on the choice of M 4 . The difference between two choices M 4 and M ′ 4 is given by the integral over the closed four-manifold X 4 , which is obtained by properly gluing M 4 and M ′ 4 along their common boundary M 3 . Since X 4 is also spin, we have
Thus, if δκ is an integer, the integral of (1.5) is well defined up to integer multiples of 2πi. In a purely bosonic theory we do not require M 3 to be spin. In this case δκ must be an even integer.
We conclude that a counterterm of the from (1.5) can only shift the contact term κ in (1.3) by an integer. Therefore, the fractional part κ mod 1 does not depend on shortdistance physics. It is scheme independent and gives rise to a new meaningful observable in three-dimensional field theories. This observable is discussed in section 2.
In section 2, we will also discuss the corresponding observable for the energymomentum tensor T µν . It is related to a contact term in the two-point function of T µν ,
This contact term is associated with the gravitational Chern-Simons term, which is properly defined by extending the metric g µν to a four-manifold,
(1.9)
Here ω µ is the spin connection and R µνρσ is the Riemann curvature tensor. Note that we do not interpret the left-hand side of (1.9) as a Chern-Simons term for the SO(3) frame bundle. (See for instance the discussion in [5] .) As above, two different extensions of M 3 differ by the integral over a closed spin four-manifold X 4 ,
Therefore, the gravitational Chern-Simons term (1.9) is a valid counterterm, as long as its coefficient is an integer. 3 Consequently, the integer part of the contact term κ g in (1.8) is scheme dependent, while the fractional part κ g mod 1 gives rise to a meaningful observable.
We would briefly like to comment on another possible definition of Chern-Simons counterterms, which results in the same quantization conditions for their coefficients. It involves the Atiyah-Patodi-Singer η-invariant [6] [7] [8] , which is defined in terms of the eigenvalues of a certain Dirac operator on M 3 that couples to a µ and g µν . (Loosely speaking, it counts the number of eigenvalues, weighted by their sign.) Therefore, η[a, g] is intrinsically three-dimensional and gauge invariant. The Atiyah-Patodi-Singer theorem states that iπη[a, g] differs from the four-dimensional integrals in (1.6) and (1.9) by an integer multiple of 2πi. Hence, its variation gives rise to contact terms of the form (1.3) and (1.8).
Although η[a, g] is well defined, it jumps discontinuously by 2 when an eigenvalue of its 3 If M 3 is not spin, then the coefficient of (1.9) should be an integer multiple of 16. associated Dirac operator crosses zero. Since short-distance counterterms should not be sensitive to zero-modes, we only allow iπη[a, g] with an integer coefficient.
In section 3, we discuss the observables κ mod 1 and κ g mod 1 in several examples.
We use our understanding of these contact terms to give an intuitive proof of a nonrenormalization theorem due to Coleman and Hill [9] .
In section 4 we extend our discussion to three-dimensional theories with N = 2 supersymmetry. Here we must distinguish between U (1) flavor symmetries and U (1) R symmetries. Some of the contact terms associated with the R-current are not consistent with conformal invariance. As we will see in section 5, this leads to a new anomaly in N = 2 superconformal theories, which is similar to the framing anomaly of [10] . The anomaly can lead to violations of conformal invariance and unitarity when the theory is placed on curved manifolds.
In section 6, we explore these phenomena in N = 2 supersymmetric QED (SQED) with a dynamical Chern-Simons term. For some range of parameters, this model is accessible in perturbation theory.
In supersymmetric theories, the observables defined in section 4 can be computed exactly using localization [11] . In section 7, we compute them in several theories that were conjectured to be dual, subjecting these dualities to a new test.
Appendix A contains simple free-field examples. In appendix B we summarize relevant aspects of N = 2 supergravity.
Two-Point Functions of Conserved Currents in Three Dimensions
In this section we will discuss two-point functions of flavor currents and the energymomentum tensor in three-dimensional quantum field theory, and we will explain in detail how the contact terms in these correlators give rise to a meaningful observable.
Flavor Currents
We will consider a U (1) flavor current j µ . The extension to multiple U (1)'s or to non-Abelian symmetries is straightforward. Current conservation restricts the two-point function of j µ . In momentum space,
Here τ p 2 /µ 2 and κ p 2 /µ 2 are real, dimensionless structure functions and µ is an arbitrary mass scale.
In a conformal field theory (CFT), τ = τ CFT and κ = κ CFT are independent of p 2 .
(We assume throughout that the symmetry is not spontaneously broken.) In this case (2.1) leads to the following formula in position space:
This makes it clear that τ CFT controls the behavior at separated points, while the term proportional to κ CFT is a pure contact term of the form (1.3). Unitarity implies that τ CFT ≥ 0.
If the theory is not conformal, then κ p 2 /µ 2 may be a non-trivial function of p 2 .
In this case the second term in (2.1) contributes to the two-point function at separated points, and hence it is manifestly physical. Shifting κ p 2 /µ 2 by a constant δκ only affects the contact term (1.3). It corresponds to shifting the Lagrangian by the Chern-Simons counterterm (1.5). As explained in the introduction, shifts with arbitrary δκ may not always be allowed. We will return to this issue below.
It is natural to define the UV and IR values
Adding the counterterm (1.5) shifts κ UV and κ IR by δκ. Therefore κ UV − κ IR is not modified, and hence it is a physical observable.
We will now assume that the U (1) symmetry is compact, i.e. only integer charges are allowed. (This is always the case for theories with a Lagrangian description, as long as we pick a suitable basis for the Abelian flavor symmetries.) In this case, the coefficient δκ of the Chern-Simons counterterm (1.5) must be an integer. Therefore, the entire fractional part κ(p 2 /µ 2 ) mod 1 is scheme independent. It is a physical observable for every value of p 2 . In particular, the constant κ CFT mod 1 is an intrinsic physical observable in any CFT.
The fractional part of κ CFT has a natural bulk interpretation for CFTs with an AdS 4 dual. While the constant τ CFT is related to the coupling of the bulk gauge field corresponding to j µ , the fractional part of κ CFT is related to the bulk θ-angle. The freedom to shift κ CFT by an integer reflects the periodicity of θ, see for instance [12] . 5 A term proportional to ε µνρ ∂ ρ |x| −3 , which is conserved and does not vanish at separated points, is not consistent with conformal invariance.
In order to calculate the observable κ CFT mod 1 for a given CFT, we can embed the CFT into an RG flow from a theory whose κ is known -for instance a free theory. We can then unambiguously calculate κ(p 2 /µ 2 ) to find the value of κ CFT in the IR. This procedure is carried out for free massive theories in appendix A. More generally, if the RG flow is short, we can calculate the change in κ using (conformal) perturbation theory.
In certain supersymmetric theories it is possible to calculate κ CFT mod 1 exactly using localization [11] . This will be discussed in section 7.
We would like to offer another perspective on the observable related to κ(p 2 ). Using (2.1), we can write the difference κ UV − κ IR as follows:
The integral over R 3 − {0} excludes a small ball around x = 0, and hence it is not sensitive to contact terms. The integral converges because the two-point function
vanishes at separated points in a conformal field theory, so that it decays faster than
in the IR and diverges more slowly than 1 x 3 in the UV. Alternatively, we can use Cauchy's theorem to obtain the dispersion relation
This integral converges for the same reasons as (2.4). Since it only depends on the imagi-
The formulas (2.4) and (2.5) show that the difference between κ UV and κ IR can be understood by integrating out massive degrees of freedom as we flow from the UV theory to the IR theory. Nevertheless, they capture the difference between two quantities that are intrinsic to these theories. Although there are generally many different RG flows that connect a pair of UV and IR theories, the integrals in (2.4) and (2.5) are invariant under continuous deformations of the flow. This is very similar to well-known statements about the Virasoro central charge c in two dimensions. In particular, the sum rules (2.4) and (2.5) are analogous to the sum rules in [13, 14] for the change in c along an RG flow.
Energy-Momentum Tensor
We can repeat the analysis of the previous subsection for the two-point function of the energy-momentum tensor T µν , which depends on three dimensionless structure func-
(2.6)
If the equality is saturated, the trace T µ µ becomes a redundant operator. This is the case in a CFT, where τ g = −τ ′ g and κ g are constants. The terms proportional to τ g determine the correlation function at separated points. The term proportional to κ g gives rise to a conformally invariant contact term (1.8).
It is associated with the gravitational Chern-Simons term (1.9), which is invariant under a conformal rescaling of the metric. Unlike the Abelian case discussed above, the contact term κ g is also present in higher-point functions of T µν . (This is also true for non-Abelian flavor currents.)
Repeating the logic of the previous subsection, we conclude that κ g,UV − κ g,IR is physical and can in principle be computed along any RG flow. Moreover, the quantization condition on the coefficient of the gravitational Chern-Simons term (1.9) implies that the fractional part κ g (p 2 /µ 2 ) mod 1 is a physical observable for any value of p 2 . In particular κ g,CFT mod 1 is an intrinsic observable in any CFT.
Examples
In this section we discuss a number of examples that illustrate our general discussion
above. An important example with N = 2 supersymmetry will be discussed in section 6.
Other examples with N = 4 supersymmetry appear in [15] .
Free Fermions
We begin by considering a theory of N free Dirac fermions of charge +1 with real masses m i . Here we make contact with the parity anomaly of [16, 17, 4] . As is reviewed in appendix A, integrating out a Dirac fermion of mass m and charge +1 shifts κ by − 1 2 sgn(m), and hence we find that
If N is odd, this difference is a half-integer. Setting κ UV = 0 implies that κ IR is a half-integer, even though the IR theory is empty. In the introduction, we argued that short-distance physics can only shift κ by an integer. The same argument implies that κ IR must be an integer if the IR theory is fully gapped. 6 We conclude that it is inconsistent to set κ UV to zero; it must be a half-integer. Therefore,
The half-integer value of κ UV implies that the UV theory is not parity invariant, even though it does not contain any parity-violating mass terms. This is known as the parity anomaly [16, 17, 4] .
We can use (3.2) to find the observable κ CFT mod 1 for the CFT that consists of N free massless Dirac fermions of unit charge:
This illustrates the fact that we can calculate κ CFT , if we can connect the CFT of interest to a theory with a known value of κ. Here we used the fact that the fully gapped IR theory has integer κ IR .
We can repeat the above discussion for the contact term κ g that appears in the twopoint function of the energy-momentum tensor. Integrating out a Dirac fermion of mass m shifts κ g by − sgn(m), so that
If we instead consider N Majorana fermions with masses m i , then κ g,UV − κ g,IR would be half the answer in (3.4). Since κ g,IR must be an integer in a fully gapped theory, we conclude that κ g,UV is a half-integer if the UV theory consists of an odd number of massless Majorana fermions. This is the gravitational analogue of the parity anomaly.
Topological Currents and Fractional Values of κ
Consider a dynamical U (1) gauge field A µ , and the associated topological current
Note that the corresponding charges are integer multiples of p. We study the free topological theory consisting of two U (1) gauge fields -the dynamical gauge field A µ and a classical background gauge field a µ -with Lagrangian [12, [18] [19] [20] [21] ]
The background field a µ couples to the topological current j µ in (3.5). In order to compute the contact term κ corresponding to j µ , we naively integrate out the dynamical field A µ to obtain an effective Lagrangian for a µ ,
Let us examine the derivation of (3.7) more carefully. The equation of motion for
Assuming, for simplicity, that k and p are relatively prime, this equation can be solved only if the flux of a µ through every two-cycle is an integer multiple of k. When this is not the case the functional integral vanishes. If the fluxes of a µ are multiples of k, the derivation of (3.7) is valid. For these configurations the fractional value of κ is harmless.
This example shows that κ is not necessarily an integer, even if the theory contains only topological degrees of freedom. Equivalently, the observable κ mod 1 is sensitive to topological degrees of freedom. We would like to make a few additional comments:
1.) The freedom in shifting the Lagrangian by a Chern-Simons counterterm (1.5) with integer δκ amounts to changing the integer q in (3.6).
2.) The value κ = q − p 2 k can be measured by making the background field a µ dynamical and studying correlation functions of Wilson loops for a µ in flat Euclidean space R 3 .
These correlation functions can be determined using either the original theory (3.6) or the effective Lagrangian (3.7).
3.) Consider a CFT that consists of two decoupled sectors: a nontrivial CFT 0 with a global U (1) current j
µ and a U (1) Chern-Simons theory with level k and topological current ip 2π ε µνρ ∂ ν A ρ . We will study the linear combination j µ = j
Denoting the contact term in the two-point function of j
µ by κ 0 , the contact term κ corresponding to j µ is given by
Since the topological current is a redundant operator, it is not possible to extract κ by studying correlation functions of local operators at separated points. Nevertheless, the fractional part of κ is an intrinsic physical observable. This is an example of a general point that was recently emphasized in [22] : a quantum field theory is not uniquely characterized by its local operators and their correlation functions at separated points.
The presence of topological degrees of freedom makes it necessary to also study various extended objects, such as line or surface operators.
A Non-Renormalization Theorem
Consider an RG flow from a free theory in the UV to a fully gapped theory in the IR.
(Recall that a theory is fully gapped when it does not contain massless or topological degrees of freedom.) In this case, we can identify κ IR with the coefficient of the Chern-Simons term for the background field a µ in the Wilsonian effective action. Since the IR theory is fully gapped, κ IR must be an integer. Depending on the number of fermions in the free UV theory, κ UV is either an integer or a half-integer. Therefore, the difference κ UV −κ IR is either an integer or a half-integer, and hence it cannot change under smooth deformations of the coupling constants. It follows that this difference is only generated at one-loop. This is closely related to a non-renormalization theorem due to Coleman and Hill [9] , which was proved through a detailed analysis of Feynman diagrams. Note that our argument applies to Abelian and non-Abelian flavor currents, as well as the energy-momentum tensor.
When the IR theory has a gap, but contains some topological degrees of freedom, κ need not be captured by the Wilsonian effective action. As in the previous subsection, it can receive contributions from the topological sector. If the flow is perturbative, we can distinguish 1PI diagrams. The results of [9] imply that 1PI diagrams only contribute to κ associated with a flavor current at one-loop. (The fractional contribution discussed in the previous subsection arises from diagrams that are not 1PI.) However, this is no longer true for κ g , which is associated with the energy-momentum tensor. For instance, κ g receives higher loop contributions from 1PI diagrams in pure non-Abelian Chern-Simons theory [10] .
Flowing Close to a Fixed Point
Consider an RG flow with two crossover scales M ≫ m. The UV consists of a free theory that is deformed by a relevant operator. Below the scale M , the theory flows very close to a CFT. This CFT is further deformed by a relevant operator, so that it flows to a gapped theory below a scale m ≪ M .
If the theory has a U (1) flavor current j µ , the structure functions in (2.1) interpolate
between their values in the UV, through the CFT values, down to the IR:
Since the UV theory is free, τ UV is easily computed (see appendix A). In a free theory we can always take the global symmetry group to be compact. This implies that κ UV is either integer or half-integer, depending on the number of fermions that are charged under j µ . If j µ does not mix with a topological current in the IR, then τ IR vanishes and κ IR must be an integer. This follows from the fact that the theory is gapped.
Since we know κ UV and κ IR , we can use the flow to give two complementary arguments that κ CFT mod 1 is an intrinsic observable of the CFT:
1.) The flow from the UV to the CFT: Here we start with a well-defined κ UV , which can only be shifted by an integer. Since κ UV − κ CFT is physical, it follows that κ CFT is well defined modulo an integer.
2.) The flow from the CFT to the IR:
We can discuss the CFT without flowing into it from a free UV theory. If the CFT can be deformed by a relevant operator such that it flows to a fully gapped theory, then κ IR must be an integer. Since κ CFT − κ IR is physical and only depends on information intrinsic to the CFT, i.e. the relevant deformation that we used to flow out, we conclude that the fractional part of κ CFT is an intrinsic observable of the CFT.
Below, we will see examples of such flows, and we will use them to compute κ CFT mod 1.
For the theory discussed in section 6, we will check explicitly that flowing into or out of the CFT gives the same answer for this observable.
Theories with N = 2 Supersymmetry
In this section we extend the previous discussion to three-dimensional theories with N = 2 supersymmetry. Here we must distinguish between U (1) flavor symmetries and U (1) R symmetries.
Flavor Symmetries
A U (1) flavor current j µ is embedded in a real linear superfield J , which satis-
In components,
The supersymmetry Ward identities imply the following extension of (2.1):
Here we have defined τ f f = 1 2 τ , so that τ f f = 1 for a free massless chiral superfield of charge +1, and we have also renamed κ f f = κ. The subscript f f emphasizes the fact that we are discussing two-point functions of flavor currents.
7 Supersymmetry also fixes the two-point function of the fermionic operators j α and j α in terms of τ f f and κ f f , but in order to simplify the presentation, we will restrict our discussion to bosonic operators.
As in the non-supersymmetric case, we can couple the flavor current to a background gauge field. Following [23, 24] , we should couple J to a background vector superfield, The coupling of J to V takes the form
As before, it may be necessary to also add higher-order terms in V to maintain gauge invariance.
We can now adapt our previous discussion to κ f f . According to (4.2), a constant value of κ f f gives rise to contact terms in both j µ (p)j ν (−p) and J(p)K(−p) . These contact terms correspond to a supersymmetric Chern-Simons term for the background field V,
Here the real linear superfield Σ = i 2 DDV is the gauge-invariant field strength corresponding to V. If the U (1) flavor symmetry is compact, then the same arguments as above imply that short-distance counterterms can only shift κ f f by an integer, and hence the analysis of section 2 applies. In particular, the fractional part κ f f mod 1 is a good observable in any superconformal theory with a U (1) flavor symmetry.
R-Symmetries
Every three-dimensional N = 2 theory admits a supercurrent multiplet S µ that contains the supersymmetry current and the energy-momentum tensor, as well as other operators. A thorough discussion of supercurrents in three dimensions can be found in [25] .
If the theory has a U (1) R symmetry, the S-multiplet can be improved to a multiplet R µ , which satisfies
Here R αβ = −2γ µ αβ R µ is the symmetric bi-spinor corresponding to R µ . Note that J (Z) is a real linear multiplet, and hence R µ is also annihilated by D 2 and D 2 . In components,
where the ellipses denote terms that are determined by the lower components as in (4.1).
Here j
is the R-current, S αµ is the supersymmetry current, T µν is the energy-momentum tensor, and j The R-multiplet is not unique. It can be changed by an improvement transformation,
where J is a flavor current and t is a real parameter. In components,
Note that the R-current j We first consider the two-point functions of operators in the flavor current multiplet J with operators in the R-multiplet. They are parameterized by two dimensionless structure functions τ f r and κ f r , where the subscript f r emphasizes the fact that we are considering mixed flavor-R two-point functions:
(4.10)
Under an improvement transformation (4.9), the structure functions shift as follows:
As explained above, in a superconformal theory there is a preferred R ′ αβ , whose corresponding J ′(Z) is a redundant operator. Typically, it differs from a natural choice R αβ in the UV by an improvement transformation (4.8). In order to find the value of t that characterizes this improvement, we can use (4.10) and the fact that the operators in J
′(Z)
are redundant to conclude that τ ′ f r must vanish [26] . Alternatively, we can determine t by applying the F -maximization principle, which was conjectured in [27, 28] and proved in [11] .
We will now discuss two-point functions of operators in the R-multiplet. They are parameterized by four dimensionless structure functions τ rr , τ zz , κ rr , and κ zz , The two-point function T µν (p)T ρλ (−p) is given by (2.6) with
The subscripts rr and zz are associated with two-point functions of the currents j (R) µ and j
, which is non-negative and vanishes in a superconformal theory. As before, an improvement transformation (4.8) shifts the structure functions,
(4.14)
Note that τ ′ g and κ g in (4.13) are invariant under these shifts. In a superconformal theory, the operators J (Z) , T µ µ , and j
are redundant. However, we see from (4.10) and (4.12) that they give rise to contact terms, which are parameterized by κ f r and κ zz . These contact terms violate conformal invariance. Unless κ f r and κ zz are properly quantized, they cannot be set to zero by a local counterterm without violating the quantization conditions for Chern-Simons counterterms explained in the introduction.
This leads to a new anomaly, which will be discussed in section 5.
Background Supergravity Fields
In order to get a better understanding of the contact terms discussed in the previous subsection, we couple the R-multiplet to background supergravity fields. (See appendix B for relevant aspects of N = 2 supergravity.) To linear order, the R-multiplet couples to the linearized metric superfield H µ . In Wess-Zumino gauge,
Here h µν is the linearized metric, so that g µν = δ µν + 2h µν . The vectors C µ and A µ are Abelian gauge fields, and B µν is a two-form gauge field. It will be convenient to define the following field strengths,
Despite several unfamiliar factors of i in (4.15) that arise in Euclidean signature, the fields V µ and H are naturally real. Below, we will encounter situations with imaginary H, see also [29, 11] .
If the theory is superconformal, we can reduce the R-multiplet to a smaller supercurrent. Consequently, the linearized metric superfield H µ enjoys more gauge freedom, which allows us to set B µν and A µ − Using H µ , we can construct three Chern-Simons terms (see appendix B), which capture the contact terms described in the previous subsection. As we saw there, not all of them are conformally invariant.
• Gravitational Chern-Simons Term: • Z-Z Chern-Simons Term:
Here the ellipsis denotes higher-order terms in the bosonic fields, which go beyond linearized supergravity. The presence of the Ricci scalar R and the fields H, A µ − 1 2 V µ implies that (4.18) is not conformally invariant.
• Flavor-R Chern-Simons Term:
The meaning of the ellipsis is as in (4.18) . Again, the presence of R, H, and A µ − It is straightforward to adapt the discussion of section 2 to these Chern-Simons terms.
Their coefficients can be modified by shifting the Lagrangian by appropriate counterterms, whose coefficients are quantized according to the periodicity of the global symmetries.
Instead of stating the precise quantization conditions, we will abuse the language and say that the fractional parts of these coefficients are physical, while their integer parts are scheme dependent.
A New Anomaly
In the previous section, we have discussed four Chern-Simons terms in the background fields: the flavor-flavor term (4.5), the gravitational term (4.17), the Z-Z term (4.18), and the flavor-R term (4.19). They correspond to certain contact terms in two-point functions of operators in the flavor current J and the R-multiplet. As we saw above, the flavor-flavor and the gravitational Chern-Simons terms are superconformal, while the Z-Z term and the flavor-R term are not. The latter give rise to non-conformal contact terms proportional to κ zz and κ f r .
The integer parts of κ zz and κ f r can be changed by adding appropriate Chern-Simons counterterms, but the fractional parts are physical and cannot be removed. This leads to an interesting puzzle: if κ zz or κ f r have non-vanishing fractional parts in a superconformal theory, they give rise to non-conformal contact terms. This is similar to the conformal anomaly in two dimensions, where the redundant operator T µ µ has nonzero contact terms. However, in two-dimensions the non-conformal contact terms arise from correlation functions of the conserved energy-momentum tensor at separated points, and hence they cannot be removed by a local counterterm. In our case, the anomaly is a bit more subtle.
An anomaly arises whenever we are unable to impose several physical requirements at the same time. Although the anomaly implies that we must sacrifice one of these requirements, we can often choose which one to give up. In our situation we would like to impose supersymmetry, conformal invariance, and compactness of the global symmetries, including the R-symmetry. Moreover, we would like to couple the global symmetries to arbitrary background gauge fields in a fully gauge-invariant way. As we saw above, this implies that the corresponding Chern-Simons counterterms must have integer coefficients.
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If the fractional part of κ zz or κ f r is nonzero, we cannot satisfy all of these requirements, and hence there is an anomaly. In this case we have the following options:
1.) We can sacrifice supersymmetry. Then we can shift the Lagrangian by nonsupersymmetric counterterms that remove the non-conformal terms in (4.18) and (4.19) and restore conformal invariance. Note that these counterterms are gauge invariant.
2.)
We can sacrifice conformal invariance. Then there is no need to add any counterterm.
The correlation functions at separated points are superconformal, while the contact terms are supersymmetric but not conformal. In order to obtain a well-defined answer, we need to specify additional geometric data.
9
By measuring the change in the phase of the partition function as we vary this data, we can extract the fractional parts of κ zz and κ f r . Therefore, these observables are not lost, even if we set the corresponding contact terms to zero by a counterterm.
This discussion is similar to the framing anomaly of [10] . There, a Lorentz ChernSimons term for the frame bundle is added with fractional coefficient, in order to make the theory topologically invariant. This introduces a dependence on the trivialization of the frame bundle. In our case the requirement of topological invariance is replaced with superconformal invariance and we sacrifice invariance under large gauge transformations rather than invariance under a change of framing.
Finally, we would like to point out that the anomaly described above has important consequences if the theory is placed on a curved manifold [11] . For some configurations of 8 Here we will abuse the language and attribute the quantization of these coefficients to invariance under large gauge transformations. As we reviewed in the introduction, a more careful construction requires a choice of auxiliary four-manifold. The quantization follows by demanding that our answers do not depend on that choice. 9 More precisely, the phase of the partition function depends on the choice of auxiliary fourmanifold, which is the additional data needed to obtain a well-defined answer.
the background fields, the partition function is not consistent with conformal invariance and even unitarity. 
where e is the gauge coupling and V v denotes the dynamical U (1) v gauge field. (The hat emphasizes the fact that it is dynamical.) Note that the theory is invariant under charge conjugation, which maps V v → − V v and Q i ↔ Q i . This symmetry prevents mixing of the axial current with the topological current, so that some of the subtleties discussed in section 3 are absent in this theory.
The Chern-Simons term leads to a mass for the dynamical gauge multiplet,
This mass is the crossover scale from the free UV theory to a non-trivial CFT labeled by k and N f in the IR. We will analyze this theory in perturbation theory for k ≫ 1. In particular, we will study the contact terms of the axial current,
and the R-multiplet,
Here R m αβ is associated with the matter fields and assigns canonical dimensions to Q i , Q i . In the IR, the R-multiplet flows to a superconformal multiplet, up to an improvement by the axial current J . Therefore, at long distances J (Z) is proportional to iDDJ . We begin by computing the flavor-flavor contact term κ f f,CFT in the two-point function of the axial current (6.3), by flowing from the free UV theory to the CFT in the IR.
Using (4.2), we see that it suffices to compute the correlation function J(p)K(−p) at small momentum p 2 → 0. In a conformal field theory, the correlator J(x)K(0) vanishes at separated points, and hence we must obtain a pure contact term. More explicitly, we
There are two diagrams at leading order in 
and hence We similarly compute the flavor-R contact term κ f r,CFT by flowing into the CFT from the free UV theory. It follows from (4.10) that it can be determined by computing the two-point function J(p)J (Z) (−p) at small momentum p 2 → 0. Using (6.4), we find
Since J (Z) is proportional to iDDJ at low energies, the operator J (Z) flows to an operator proportional to K. The coefficient is determined by the mixing of the R-symmetry with the axial current J , which occurs at order . However, these contributions cancel, and we find a pure contact term,
so that
Since this value is fractional, it implies the presence of the anomaly discussed in the previous section.
We have computed κ f f,CFT and κ f r,CFT by flowing into the CFT from the free UV theory. It is instructive to follow the discussion in subsection 3.4 and further deform the theory by a real mass m ≪ M . In order to preserve charge conjugation, we assign the same real mass m to all flavors Q i , Q i . This deformation leads to a gap in the IR. Even though a topological theory with Lagrangian proportional to iε µνρ v µ ∂ ν v ρ can remain, it does not mix with J or R αβ because of charge conjugation. Therefore, the contact terms κ f f and κ f r must be properly quantized in the IR. (Since the matter fields in this example have half-integer R-charges, this means that κ f r should be a half-integer.)
For the axial current, we have
The fact that τ f f = 0 in the IR follows from the fact that the theory is gapped. Similarly,
Note that parity, which acts as k → −k, m → −m, κ f f → −κ f f , with τ f f invariant, is a symmetry of (6.11) and (6.12).
For the two-point function of the axial current and the R-multiplet, we find
Here τ f r,CFT measures the mixing of the axial current with the UV R-multiplet (6.4).
For the superconformal R-multiplet of the CFT, we would have obtained τ f r,CFT = 0, as explained after (4.11) . Similarly,
As before, (6.13) and (6.14) transform appropriately under parity.
Let us examine the flow from the CFT to the IR in more detail, taking the UV crossover scale M → ∞. In the CFT, the operator J (Z) is redundant, up to O 1 k 2 corrections due to the mixing with the axial current. Once the CFT is deformed by the real mass m, we find that 15) where J is the bottom component of the axial current (6.3), which is given by (6.5). (As always, the operator equation (6.15) holds at separated points.) Substituting into (4.10),
we find that
Here it is important that the two-point function of J does not have a contact term in the CFT. Explicitly computing τ f f , we find that
This is consistent with (6.14) and (6.16).
Checks of Dualities
In this section we examine dual pairs of three-dimensional N = 2 theories, which are conjectured to flow to the same IR fixed point. In this case, the various contact terms discussed above, computed on either side of the duality, should match.
First, as in [33] [34] [35] [36] [37] , the three-sphere partition functions of the two theories should match, up to the contribution of Chern-Simons counterterms in the background fields.
Denote their coefficients by δκ.
Second, as in the parity anomaly matching condition discussed in [24] , the fractional parts of these contact terms are intrinsic to the theories. Therefore, the Chern-Simons counterterms that are needed for the duality must be properly quantized. This provides a new non-trivial test of the duality.
Finally, these counterterms can often be determined independently. Whenever different pairs of dual theories are related by renormalization group flows, the counterterms for these pairs are similarly related. In particular, given the properly quantized Chern-Simons counterterms that are needed for one dual pair, we can determine them for other related pairs by a one-loop computation in flat space. This constitutes an additional check of the duality.
In this section we demonstrate this matching for N = 2 supersymmetric level-rank duality and Giveon-Kutasov duality [38] . We compute some of the relative Chern-Simons counterterms, both in flat space and using the three-sphere partition function, and verify that they are properly quantized.
Level-Rank Duality
Consider an N = 2 supersymmetric U (n) gauge theory with a level k Chern-Simons term. We will call this the 'electric' theory and denote it by U (n) k . In terms of the SU (n) and U (1) subgroups, this theory is equivalent to (SU (n) k × U (1) nk ) /Z n , where we have used the conventional normalization for Abelian gauge fields. This theory flows to a purely topological U (n) Chern-Simons theory with shifted levels, denoted by U (n) top sgn(k)(|k|−n), kn . The first subscript specifies the level of the SU (n) subgroup, which is shifted by integrating out the charged, massive gauginos (recall that their mass has the same sign as the level k), and the second subscript denotes the level of the U (1) subgroup, which is not shifted.
The dual 'magnetic' theory is a supersymmetric U (|k|−n) −k Yang-Mills Chern-Simons theory. It flows to the purely topological theory U (|k|−n) top − sgn(k)n,−k(|k|−n) . This theory is related to the other topological theory described above by conventional level-rank duality for unitary gauge groups [39] . We can integrate out the gauginos to obtain the contact term κ rr in the two-point function (4.12) of the R-current. On the electric side, we find κ rr,e = − sgn(k)(|k|−n) 2 . We must therefore add a counterterm
to the magnetic theory. Taking into account possible half-integer counterterms that must be added on either side of the duality because of the parity anomaly, what remains of the relative counterterm (7.1) is always an integer.
In order to compute the contact term associated with U (1) J , we follow the discussion in subsection 3.2 and integrate out the dynamical gauge fields to find the effective theory for the corresponding background gauge field. In the electric theory, this leads to κ JJ,e = − n k , and in the magnetic theory we find κ JJ,m = |k|−n k . Hence we need to add an integer Chern-Simons counterterm to the magnetic theory,
Giveon-Kutasov Duality
Consider the duality of Giveon and Kutasov [38] . The electric theory consists of a U (n) k Chern-Simons theory with N f pairs Q i , Q i of quarks in the fundamental and the anti-fundamental representation of U (n). The global symmetry group is
The quantum numbers of the fundamental fields are given by
10 The authors of [39] restricted n to be odd and k to be even. This restriction is unnecessary on spin manifolds. Furthermore, we reversed the orientation on the magnetic side.
The magnetic dual is given by a U ( n = N f + |k| − n) −k Chern-Simons theory. It contains N f pairs q i , q i of dual quarks and N 2 f singlets M i i , which interact through a superpotential W = q i M i i q i . The quantum numbers in the magnetic theory are given by
As before, the topological symmetry U (1) J corresponds to j µ = This duality requires the following Chern-Simons counterterms for the Abelian symmetries, which must be added to the magnetic theory:
This was derived in [37] by flowing into Giveon-Kutasov duality from Aharony duality [40] via a real mass deformation. 12 Note that these Chern-Simons counterterms are properly quantized: δκ AA and δκ JJ are integers, while δκ Ar is half-integer and δκ rr is quantized in units of 1 4 . This is due to the presence of fields with R-charge 1 2 . We can also understand (7.5) by flowing out of Giveon-Kutasov duality to a pair of purely topological theories. If we give a real mass to all electric quarks, with its sign opposite to that of the Chern-Simons level k, we flow to a U (n) k+sgn(k)N f theory without matter.
The corresponding deformation of the magnetic theory flows to
Level-rank duality between these two theories without matter was discussed in the previous subsection. Given the counterterms (7.1) and (7.2) that are needed for this duality and accounting for the Chern-Simons terms generated by the mass deformation, we reproduce (7.5).
11 Similar counterterms are required for the SU (N f ) × SU (N f ) flavor symmetry [34] [35] [36] [37] . 12 The R-symmetry used in [37] assigns R-charge 0 to the electric quarks Q i , Q i . Therefore, our results for δκ Ar and δκ rr differ from those of [37] by improvements (4.11) and (4.14).
Matching the Three-Sphere Partition Function
As explained in [11] , we can read off the contact terms κ f f and κ f r from the dependence of the free energy F S 3 on a unit three-sphere on the real mass parameter m associated with the flavor symmetry:
We can use this to rederive some of the relative Chern-Simons counterterms in (7.5).
Let us denote by m and ξ the real mass parameters corresponding to U (1) A and U (1) J .
(Equivalently, ξ is a Fayet-Iliopoulos term for the dynamical gauge fields.) Using the results of [41] , it was shown in [36] that the difference between the three-sphere partition functions of the electric and the magnetic theories requires a counterterm
where the ellipsis represents terms that are independent of m and ξ. (Our conventions for the Chern-Simons level k differ from those of [36] by a sign.) An analogous result was obtained in [37] for a different choice of R-symmetry. Using (7.6), we find the same values for δκ AA , δκ JJ , and δκ Ar as in (7.5) . Note that the counterterm (7.7) does not just affect the phase of the partition function, because the term linear in m is real.
Many other dualities have been shown to require relative Chern-Simons counterterms [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] . It would be interesting to repeat the preceding analysis in these examples. , so that that τ 
Appendix B. Supergravity in Three Dimensions
In this appendix we review some facts about three-dimensional N = 2 supergravity, focusing on the supergravity theory associated with the R-multiplet. It closely resembles N = 1 new minimal supergravity in four dimensions [44] . For a recent discussion, see [45, 46] .
B.1. Linearized Supergravity
We can construct a linearized supergravity theory by coupling the R-multiplet to the metric superfield H µ ,
The supergravity gauge transformations are embedded in a superfield L α ,
Demanding gauge invariance of (B.1) leads to the following constraints:
In Wess-Zumino gauge, the metric superfield takes the form which transforms like an ordinary vector superfield under (B.2). Up to a gauge transformation, it takes the form 
B.2. Supergravity Chern-Simons Terms
We will now derive the Chern-Simons terms (4.17), (4.18), and (4.19) in linearized supergravity. We begin by considering terms bilinear in the gravity fields, to obtain the Z-Z Chern-Simons term (4.18),
(B.14)
Here the ellipsis denotes higher-order terms in the bosonic fields, which go beyond linearized supergravity. This term contains the Ricci scalar R, as well as H and A µ − V µ shows that this term is also not conformally invariant.
